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Abstract
The light-front approach is a relativistic quark model and offers many insights to the internal
structures of the hadronic bound states. In this study, we apply the covariant light-front approach to
ground-state heavy quarkonium. The pesudoscalar and vector meson decay constants are discussed.
We present a detailed study of two-photon annihilation P → γγ and magnetic dipole transition
V → Pγ processes. The numerical predictions of the light-front approach are consistent with the
experimental data and those in other approaches. The relations of the light-front approach with
the other methods are discussed in brief.
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I. INTRODUCTION
Heavy quarkonium provides a unique laboratory to study Quantum Chromodynamics (QCD)
for the bound states of heavy quark-antiquark system. The nature that the heavy quarkonium is
relevant to a non-relativistic treatment had been known for a long time [1]. Although the non-
relativistic QCD (NRQCD), an effective field theory, is a powerful theoretical tool to separate the
high energy modes from the low energy contributions, the calculations of the low energy hadronic
matrix elements rely on model-dependent non-perturbative methods in most cases. From the point
of view of the non-perturbative QCD, there is no one method which is uniquely superior over the
others. Many methods were employed in heavy quarkonium physics, such as lattice QCD, quark-
potential model, etc. (for a recent review see [2]). The light-front quark model, in which a hadronic
matrix element is represented as the overlap of wave functions, offers many insights into the internal
structures of the bound states. In this study, we will explore the heavy quarkonium from a quark
model on the light front.
The light-front QCD has been developed as a promising analytic method for solving the non-
perturbative problems of hadron physics [3]. The aim of the light-front QCD is to describe the
hadronic bound states in terms of their fundamental quark and gluon degrees of freedom. It
may be the only possible method that the low energy quark model and the high energy parton
model can be reconciled. For the hard processes with large momentum transferred, the light-
front QCD reduces to perturbative QCD (pQCD) which factorize the physical quantity into a
convolution of the hard scattering kernel and the distribution amplitudes (or functions). In general,
the basic ingredient in light-front QCD is the relativistic hadron wave functions which generalize
the distribution amplitudes (or functions) by including the transverse momentum distributions. It
contains all information of a hadron from its constituents. The hadronic quantities are represented
by the overlaps of wave functions and can be derived in principle.
The light-front quark model is the only relativistic quark model in which a consistent and fully
relativistic treatment of quark spins and the center-of-mass motion can be carried out [4]. This
model has many advantages. For example, the light-front wave function is manifestly Lorentz
invariant as it is expressed in terms of the internal momentum fraction variables which is inde-
pendent of the total hadron momentum. Moreover, hadron spin can also be correctly constructed
using the so-called Melosh rotation. This model had been successfully applied to calculate many
phenomenologically important meson decay constants and hadronic form factors [5, 6, 7, 8, 9].
On the light front, the non-relativistic nature of a heavy quarkonium is represented by that the
light-front momentum fractions of the quark and antiquark is close to 1/2 and the relative trans-
verse and the z−direction momenta are much smaller than the heavy quark mass. The Lorentz
invariant light-front wave function and the light-front formulations provide a systematic way to
include the relativistic corrections. There is no conceptual problem to extend the light-front ap-
proach into the heavy quarkonium. We will apply the covariant light-front approach [7, 8] to
the ground-state s-wave mesons which include 1S0 pseudoscalar mesons (P ) ηc, ηb and
3S1 vector
mesons (V ) J/ψ,Υ(1S) as our first-step study along this direction. The main purposes of this
study are threefold: (1) Is the light-front approach applicable into the heavy quarkonium? In
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concept, the light-front quark model is the relativistic generalization of the non-relativistic quark
model. The phenomenological success of the previous non-relativistic quark-potential model should
be reproduced in the light-front approach. In particular, we will examine the validity of the light-
front approach in three types of quantities: decay constants, two-photon annihilation P → γγ and
magnetic dipole transition V → Pγ. In most literatures, these processes were explored separately
[10, 11, 12, 13]. To study them simultaneously can better constrain the phenomenological param-
eters and check the consistency of the theory predictions. (2) The ηb meson has still not been
observed in experiment [14]. We will present the numerical prediction for the branching ratios for
ηb → γγ and Υ→ ηbγ processes. (3) What is the relation of the light-front approach with the other
approaches? In the non-relativistic approximations, the light-front approach will be closely related
with the non-relativistic quark-potential approach. For the process of P → γγ which is light-front
dominated, the light-front approach reduce to the model-independent pQCD.
The paper is organized as follows. In Sec. II, we give a detailed presentation of the covariant
light-front approach for heavy quarkonium. It contains a brief review of the light-front framework
and the light-front analysis for the decay constants of P and V mesons and the processes P → γγ,
V → Pγ. In Sec. III, the relations of the light-front approach with the non-relativistic approach
and pQCD are discussed. In Sec. IV, the numerical results and discussions are presented. Finally,
the conclusions are given in Sec. V.
II. FORMALISM OF COVARIANT LIGHT-FRONT APPROACH
A. General formalism
A heavy quarkonium is the hadronic bound state of heavy quark and antiquark. In this system,
the valence quarks have equal masses m1 = m2 = m with m the mass of heavy quark c or b. Thus
the formulae associated with the term (m1 −m2) vanish and will lead to some simplifications. In
this section, we will give the formulae specially for the quarkonium system.
The momentum of a particle is given in terms of light-front component by k = (k−, k+, k⊥)
where k± = k0 ± k3 and k⊥ = (k1, k2), and the light-front vector is written as k˜ = (k+, k⊥). The
longitudinal component k+ is restricted to be positive, i.e., k+ > 0 for the massive particle. By
this way, the physical vacuum of light-front QCD is trivial except the zero longitudinal momentum
modes (zero-mode). We will study a meson with total momentum P and two constituents, quark
and antiquark whose momenta are p1 and p2, respectively. In order to describe the internal motion
of the constituents, it is crucial to introduce the intrinsic variables (xi, p⊥) through
p+1 = x1P
+, p1⊥ = x1P⊥ + p⊥;
p+2 = x2P
+, p2⊥ = x2P⊥ − p⊥, (2.1)
where xi are the light-front momentum fractions and they satisfy 0 < x1, x2 < 1 and x1 + x2 = 1.
The invariant mass M0 of the constituents and the relative momentum in z direction pz can be
written as
M20 =
p2
⊥
+m2
x1x2
, pz = (x2 − 1
2
)M0. (2.2)
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The invariant mass M0 of qq¯ is in general different from the mass M of meson which satisfies M
2 =
P 2. This is due to the fact that the meson, quark and antiquark can not be on-shell simultaneously.
The momenta p⊥ and pz constitute a momentum vector ~p = (p⊥, pz) which represents the relative
momenta in the transverse and z directions, respectively. The energy of the quark and antiquark
e1 = e2 ≡ e can be obtained from their relative momenta,
e =
√
m2 + p2
⊥
+ p2z. (2.3)
It is straightforward to find that
x1 =
e− pz
2e
, x2 =
e+ pz
2e
, e =
M0
2
. (2.4)
To calculate the decay constants or decay amplitude, the Feynman rules for the vertices of
quark-antiquark coupling to the meson bound state are required. In the following formulations, we
will follow the notations in [8]. The vertices ΓM for the incoming meson M are given as
HPγ5 for P ;
iHV
[
γµ − 1
WV
(p1 − p2)µ
]
for V. (2.5)
After performing a one-loop contour integral to be discussed below which amounts to make one
quark or antiquark on its mass-shell, the function HM and the parameter WV are reduced to hM
and wV , respectively, and they are written by
hP = hV = (M
2 −M20 )
√
x1x2
Nc
1√
2M0
φ(x2, p⊥), (2.6)
and
wV =M0 + 2m. (2.7)
The form of the function hM and the Feynman rule for ΓM are derived from the light-front wave
function which describes a meson bound state in terms of a quark q1 and an antiquark q¯2. The
light-front wave function contains two parts: one is the momentum distribution amplitude φ(x2, p⊥)
which is the central ingredient in light-front QCD, the other is a spin wave function which constructs
a state of definite spin (S, Sz) out of light front helicity eigenstates (λ1, λ2). The spin wave function
is constructed by using the Melosh transformation and its spin structure has been contained in Eq.
(2.5).
The momentum distribution amplitude φ(x2, p⊥) is the generalization of the distribution am-
plitude φ(x) of the pQCD method and can be chosen to be normalizable, i.e., it satisfies∫
dxd2p⊥
2(2π)3
|φ(x, p⊥)|2 = 1. (2.8)
In principle, φ(x2, p⊥) is obtained by solving the light-front QCD bound state equations HLF |Ψ〉 =
M |Ψ〉 which is the familiar Schro¨dinger equation in ordinary quantum mechanics and HLF is the
light-front Hamiltonian. To see the explicit form of the light-front bound state equation, let us
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consider a quarkonium wave function. The light-front bound state equation can be expressed as:
(
M2 −
∑
i
k2i⊥ +m
2
i
xi
)
Ψqq¯
Ψqq¯g
...


=


〈qq¯|Hint|qq¯〉 〈qq¯|Hint|qq¯g〉 · · ·
〈qq¯g|Hint|qq¯〉 · · ·
...




Ψqq¯
Ψqq¯g
...

 .
(2.9)
Of course, to exactly solve the above equation for the whole Fock space is still impossible. Currently,
two approaches have been developed. One is given by Brodsky and Pauli [15, 16, 17, 18], the so-
called discretize light-front approach, the other by Perry, Harindranath and Wilson [19, 20, 21],
based on the old idea of the Tamm-Dancoff approach [22, 23] that truncates the Fock space to only
include these Fock states with a small number of particles. Furthermore, if one can eliminate all
the high order Fock space sectors (approximately) by an effective two-body interaction kernel, the
light-front bound state equation is reduced to the light-front Bethe-Salpeter equation:(
M2 − k
2
⊥
+m2
x(1− x)
)
Ψqq¯(x, k⊥) =
∫
dyd2k′
⊥
2(2π)3
Veff (x, k⊥, y, k
′
⊥)Ψqq¯(y, k
′
⊥) . (2.10)
One may solve the Bethe-Salpeter equation for finding the relativistic bound states. However, the
Bethe-Salpeter equation only provides the amplitude of a Fock sector in the bound states so that
it cannot be normalized. In other words, the Bethe-Salpeter amplitudes do not have the precise
meaning of wave functions for particles. In addition, the advantage for Eq. (2.9) with the Tamm-
Dancoff approximation is that it provides a reliable way to study the contribution of Fock states
which contain more particles step by step by increasing the size of truncated Fock space, while the
Bethe-Salpeter equation Eq. (2.10) lacks such an ability. Some studies on nonperturbative features
of light-front dynamics were focused on the 1+1 field theory. Typical examples are: the discretized
light-front quantization approach for the bound states in the 1+1 field theory developed by Pauli
and Brodsky [15, 24], the light-front Tamm-Dancoff approach for bound state Fock space truncation
discussed by Perry et al. [19, 20]. However, at the present time, how to solve for the bound states
from 3+1 QCD is still unknown. We are satisfied with utilizing some phenomenological momentum
distribution amplitudes which have been constructed phenomenologically in describing hadrons.
One widely used form is the Gaussian-type which we will employ in the application of covariant
light-front approach.
B. Decay constants
In general, the decay constants of mesons fP,V are defined by the matrix elements for P and V
mesons
〈0|Aµ|P (P )〉 = ifPPµ,
〈0|Vµ|V (P )〉 = MV fV ǫµ. (2.11)
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Pp1
−p2
×Γ
FIG. 1: Feynman diagram for meson decay constants, where P is the momentum of meson, p1 is the
quark momentum, p2 is the antiquark momentum and Γ denotes the corresponding V -A current.
where Pµ is the momentum of meson and ǫµ is the polarization vector of V meson. The Feynman
diagram which contributes to fP,V is depicted in Fig. 1. The meson decay constant plays an
important role in determining the parameters of the distribution function φ(x2, p⊥), in particular,
the quark mass and a parameter β characterizing the hadronic “size” for a Gaussian wave function.
The decay constants have been calculated in [7, 8] and are the same as our results. Thus we simply
provide the formulae for fP,V here.
For a pseudoscalar quarkonium, the decay constant is represented by
fP =
√
2Nc
8π3
∫
dx2d
2p⊥
m√
x1x2M0
φP (x2, p⊥)
=
√
2Nc
8π3
∫
dx2d
2p⊥
m√
m2 + p2
⊥
φP (x2, p⊥). (2.12)
where Nc = 3 is the color number and m denotes the mass of the heavy quark. In Eq. (2.12), we
have used the relation
M0
√
x1x2 =
√
m2 + p2
⊥
(2.13)
for a quarkonium .
For the vector meson, the decay constant in the covariant approach is represented by
fV =
√
2Nc
8π3M
∫
dx2d
2p⊥
1√
m2 + p2
⊥
[
x1M
2
0 − p2⊥ +
2m
wV
p2⊥
]
φV (x2, p⊥). (2.14)
Eq. (2.14) coincides with the result in [7] when m1 = m2. Note that the 1/wV part of Eq.
(2.14) is different from that in the conventional approach, for example, [6]. The reason is that the
conventional approach is not covariant and contains a spurious dependence on the orientation of the
light front. The relevant calculations are not free of spurious contributions for transitions involving
vector meson. Zero modes, which relate to the p− integration for p+ = 0, are required to eliminate
the spurious dependence and contribute to the 1/wV part of Eq. (2.14). More detailed discussions
about this point can be found in [7, 8]. The decay constant fV is related to the electromagnetic
decay of vector meson V → e+e− by [25]
Γ(V → e+e−) = 4π
3
α2
MV
cV f
2
V . (2.15)
where cV is factor related to the electric charge of the quark that make up the vector meson.
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C. P → γγ
Charge conservation requires charge conjugation C = +1 state coupling to two photons. Thus
only pseudoscalar meson can transform into two photons while the vector meson is forbidden. In
the process of P → γγ, the final two photons are both on-shell. For the purpose of illustration, it
is useful to consider a more general process P → γγ∗ with one photon off-shell. We introduce a
transition form factor FPγ(q
2) arising from the Pγγ∗ vertex. The P → γγ process is related to the
form factor at q2 = 0, i.e., FPγ(0). The form factor FPγ(q
2) is defined by
Aµ = −ie2FPγ(q2)ǫµνρσP νqρ1ǫσ. (2.16)
where Aµ is the decay amplitude of the process P → γγ∗ and q1(ǫ) the momentum (polarization)
of the on-shell photon.
P (P )
p1
−p2
pia
γ(q1)
γ∗(q)
(a)
P (P )
p1
−p2 pib
γ(q1)
γ∗(q)
(b)
FIG. 2: Feynman diagram for P → γγ∗ process where P in the parenthesis denotes the momentum
of meson. The diagram (b) is related to (a) by the exchange of two photons.
The transition amplitude for the process of P → γγ∗ can be derived from the common Feynman
rules and the vertices for the meson-quark-antiquark coupling given in Eq. (2.5). In the covariant
light-front approach, the meson is on-shell while the constituent quarks are off-shell and the mo-
mentum satisfies P = p1 + p2. To the lowest order approximation, P → γγ∗ is a one-loop diagram
and depicted in Fig. 2. The amplitude is given as a momentum integral
Aµ = ie2qe2Nc
∫
d4p1
(2π)4
{ HP
N1N2Nia
Tr[γ5(− 6p2 +m) 6ǫ(6pia +m)γµ(6p1 +m)]
+
HP
N1N2Nib
Tr[γ5(− 6p2 +m)γµ(6pib +m) 6ǫ(6p1 +m)]
}
, (2.17)
where
pia = p1 − q, pib = q − p2,
N1 = p
2
1 −m2 + iǫ, N2 = p22 −m2 + iǫ,
Nia = p
2
ia −m2 + iǫ, Nib = p2ib −m2 + iǫ, (2.18)
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and eq is the electric charge of quark: eq = 2/3 for c quark and eq = −1/3 for b quark. The first
and second terms in Eq. (2.17) come from diagrams Fig. 2 (a) and (b), respectively.
For the calculation of the form factor FPγ(q
2), it is convenient to choose the purely transverse
frame q+ = 0, i.e., q2 = −q2
⊥
≤ 0. The advantage of this choice is that there is no the so-called Z-
diagram contributions. The price is that only the form factor at space-like regions can be calculated
directly. The values at the time-like momentum transfer q2 > 0 regions are obtained by analytic
continuation. In this study, the continuation is not necessary because we only need the form factors
at q2 = 0 for the P → γγ and V → Pγ processes.
At first, we discuss the calculation of Fig. 2(a). The factors N1, N2 and Nia produce three
singularities in the p−1 complex plane: one lies in the upper plane; the other two in the lower
plane. By closing the contour in the upper p−1 complex plane, the momentum integral can be
easily calculated since there is only one singularity in the plane. This corresponds to putting the
antiquark on the mass-shell. Given this restriction, the momentum p2 → pˆ2 with pˆ22 − m2 = 0,
and pˆ1 = P − pˆ2. The on-shell restriction and the requirement of covariance lead to the following
replacements:
N1 → Nˆ1 = x1(M2 −M20 ),
Nia → Nˆia = x2q2 − x1M20 + 2p⊥ · q⊥,
N2 → Nˆ2 = Nˆ1 + (1− 2x1)M2 = x2M2 − x1M20 ,∫
d4p1
(2π)4
HP
N1N2Nia
→ −iπ
∫
dx2d
2p⊥
(2π)4
hP
x2Nˆ1Nˆia
. (2.19)
For Fig. 2(b), the contour is closed in the lower p−1 complex plane. It corresponds to putting
the quark on the mass-shell and the momentum p1 → pˆ1 with pˆ21 −m2 = 0. In this case, we need
to do the following replacements
N2 → Nˆ2 = x2(M2 −M20 ),
Nib → Nˆib = x1q2 − x2M20 − 2p⊥ · q⊥,
N1 → Nˆ1 = x1M2 − x2M20 ,∫
d4p1
(2π)4
HP
N1N2Nib
→ −iπ
∫
dx2d
2p⊥
(2π)4
hP
x1Nˆ2Nˆib
. (2.20)
From Eqs. (2.19) and (2.20), we see that Nˆib is obtained from Nˆia by the exchange of x1 ↔ x2 and
the change of the sign of p⊥.
After the above treatments, the transition amplitude of P → γγ∗ is obtained as
Aµ = −ie2ǫµνρσP νqρ1ǫσ
∫
dx2d
2p⊥
4π3
Nce
2
qm hP
x1x2(M2 −M20 )
×
[
1
−x2q2 + x1M20 − 2p⊥ · q⊥
+
1
−x1q2 + x2M20 + 2p⊥ · q⊥
]
, (2.21)
Thus, the final formulae for the form factor FPγ(q
2) is
FPγ(q
2) =
e2q
√
2Nc
8π3
∫
dx2d
2p⊥φP (x2, p⊥)
m√
m2 + p2
⊥
×
[
1
x1M20 − x2q2 − 2p⊥ · q⊥
+
1
x2M20 − x1q2 + 2p⊥ · q⊥
]
, (2.22)
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and FPγ(0) is
FPγ(0) =
e2q
√
2Nc
8π3
∫
dx2d
2p⊥φP (x2, p⊥)
m√
m2 + p2
⊥
1
x1x2M
2
0
. (2.23)
By comparing Eq. (2.23) with Eq. (2.12), they share some similarities except the propagators Nia(b)
(and a trivial factor e2q). This point will become clearer when we discuss the relation between the
light-front QCD and pQCD method.
The decay rate for P → γγ is obtained from the transition form factors by
Γ(P → γγ) = M
3
P
64π
(4πα)2|FPγ(0)|2. (2.24)
D. V → Pγ
Similar to the analysis of P → γγ, we also consider a more general process of V → Pγ∗ where
the final photon is off-shell. The V → Pγ∗ transition is parameterized in term of a vector current
form factor V (q2) by
Γµ = ieǫµναβǫ
νqαP βV (q2). (2.25)
where Γµ is the amplitude of V → Pγ∗ process. P (ǫ) is the momentum (polarization vector)
of the initial vector meson, P ′ denotes the momentum of the final pseudoscalar meson, and the
momentum transfer q = P − P ′. To the lowest order approximation, the V → Pγ∗ transition is
V (P )
p1
−p2
p′
1
P (P ′)
γ∗(q)
(a)
V (P )
p1
−p2 −p
′
2
P (P ′)
γ∗(q)
(b)
FIG. 3: Feynman diagram for V → Pγ∗ process where P in the parenthesis denotes the momentum
of initial meson and P ′ denotes the momentum of final meson.
depicted in Fig. 3. The amplitude Γµ is given by a one-loop momentum integral
Γµ = −ieeqNc
∫
d4p1
(2π)4
{
HVH
′
P
N1N2N ′1
Saµν +
HVH
′
P
N1N2N ′2
Sbµν
}
ǫν , (2.26)
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where
Saµν = Tr
[(
γν − 1
WV
(p1 − p2)ν
)
(− 6p2 +m)γ5(6p ′1 +m)γµ(6p1 +m)
]
,
Sbµν = Tr
[(
γν − 1
WV
(p1 − p2)ν
)
(− 6p2 +m)γµ(− 6p ′2 +m)γ5(6p1 +m)
]
, (2.27)
and
N ′1 = p
′2
1 −m2 + iǫ; N ′2 = p′22 −m2 + iǫ. (2.28)
The first and second terms in Eq. (2.26) are arising from diagram (a) and (b) of Fig. 3, respectively.
We have used the momentum relations: P = p1+p2, P
′ = p′1+p
′
2, q = P −P ′; p2 = p′2 for diagram
Fig. 3(a); p1 = p
′
1 for diagram Fig. 3(b). It is easy to find that S
a
µν = S
b
µν .
The momentum integral of Eq. (2.26) are performed analogous to the case of P → γγ∗. The
contour integrals are closed in the upper p−1 half-plane for the first term in Eq. (2.26) which
corresponds to putting antiquark on the mass-shell; and in the lower half-plane for the second
term which corresponds to putting quark on the mass-shell. For the first term, it leads to the
replacements
N
(′)
1 → Nˆ (′)1 = x1(M (′)2 −M (′)20 ),∫
d4p1
(2π)4
HVH
′
P
N1N2N
′
1
→ −iπ
∫
dx2d
2p⊥
(2π)4
hV h
′
P
x2Nˆ1Nˆ ′1
(2.29)
In order to preserve the covariance of the decay amplitude, we also need the replacements
pα1 → x1Pα − qα
p⊥ · q⊥
q2
, pα1 p
β
1 → −gαβ
(
p2⊥ +
(p⊥ · q⊥)2
q2
)
. (2.30)
The similar treatments can be done for the second term. After using the above replacements and
Eq. (2.6), we obtain the formulae for the form factor V (q2) as
V (q2) =
eq
8π3
∫
dx2d
2p⊥
φV (x2, p⊥)φ
′
P (x2, p
′
⊥
)
x1x2M0M
′
0
{
m− 2
wV
(
p2⊥ +
(p⊥ · q⊥)2
q2
)}
. (2.31)
The rate for V → Pγ is
Γ(V → Pγ) = 1
3
(M2V −M2P )3
32πM3V
(4πα)|V (0)|2. (2.32)
III. NON-RELATIVISTIC APPROXIMATION AND PERTURBATIVE QCD
It is well-known that the system of the heavy quarkonium can be treated non-relativistically [1].
A relativistic invariant theory, light-front QCD in our case, should reproduce the previous results
in the non-relativistic approximations. Here, we will explore the non-relativistic approximations of
the light-front QCD. It is similar to the studies of heavy quark limit for heavy meson [6] within the
light-front approach. In addition to it, the light-front QCD is related to perturbative QCD at the
large momentum transfers, such as in P → γγ process. Both of them show the different aspects of
light-front QCD.
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At first, we discuss the non-relativistic approximations of the light-front approach. In the rest
frame of the heavy quarkonium, the momenta of quark and antiquark are dominated by their rest
mass m≫ ΛQCD (ΛQCD is the hadronic scale). The momentum fractions x1, x2 are peaked around
1
2 , and x2 − 12 is of order ΛQCD/m. In NRQCD, the velocity of heavy quark is chosen as the
expansion parameter. Neglecting the terms suppressed by 1/m, the invariant mass M0 and pz can
be approximated as
M0 ∼= 2m ∼=M, pz = (x2 − 1
2
)M0 ∼ ΛQCD. (3.1)
Compared with m, we have neglected the transverse momentum p⊥ because it is of the order
of ΛQCD. Thus, the magnitude of the relative momentum ~p will be much smaller than m, i.e.,
|~p| ∼ ΛQCD, which constitutes the basis of the non-relativistic treatment.
Under the non-relativistic approximations, the dependence of the hadron wave function on x2
is replaced by its dependence on pz since M0 ∼= M is a constant. In this way, the hadron wave
function will depend on the relative momentum ~p only, in other words, it can be represented by
ψ(~p). The relation between the non-relativistic function ψ(~p) and the relativistic one φ(x2, p⊥) can
be established as follows. From Eq. (2.2), we obtain
dpz ∼=M dx2, d3p =M dx2d2p⊥, (3.2)
As uausl, the function of ψ(~p) is normalized as∫
d3p
(2π)3
|ψ(~p)|2 = 1. (3.3)
Comparing Eqs. (3.2) and (3.3) with Eq. (2.8), it is straightforward to derive a relation
φ(x2, p⊥)
.
=
√
2Mψ(~p). (3.4)
Note that the above relation is valid within the non-relativistic approximation and is not correct
in the general case.
The hadron wave function in the coordinate space Ψ(~r) is obtained by using the Fourier trans-
formation
Ψ(~r) =
∫
d3p
(2π)3
ψ(~p) ei~p·~r. (3.5)
At the origin ~r = 0, Ψ(0) =
∫ d3p
(2π)3
ψ(~p) is an important parameter which gives the magnitude
of quark-antiquark coupling to the quarkonium. In the non-relativistic approximations, one can
safely neglect ~p compared to m. For example,√
m2 + p2
⊥
→ m, x2 − 1
2
→ 0. (3.6)
After these approximations, we can rewrite the decay constants Eqs. (2.12) and (2.14) as
fP
.
= 2
√
Nc
ΨP (0)√
MP
, fV
.
= 2
√
Nc
ΨV (0)√
MV
. (3.7)
Thus,
f2P
f2V
=
MV
MP
|ΨP (0)|2
|ΨV (0)|2 . (3.8)
11
This is just the so-called Van Royen-Weisskopf formula [26]. Since the differences between vector
and pseudoscalar vectors arise from the higher order in 1/m, these differences vanish in the limit
m→∞, thus MV = MP = 2m, ΨV (~p) = ΨP (~p). The ratio of decay constants is equal to 1 in the
limit.
For the form factor V (0) of V → Pγ process, Eq. (2.31)can be reduced to
V (0)
.
= eq
∫
d3~p
(2π)3
2
√
MPMV
MV
ΨV (~p)ΨP (~p)
m
, (3.9)
Similarly, in the non-relativistic limit m → ∞, the form factor V (0) can be further written in a
simple form as
V (0) = 2eq/m. (3.10)
Thus V (0) is a constant, independent of Ψ(0) because of the normalization condition of Ψ(~p). The
physical picture is: the heavy quark and antiquark in the initial and final quarkonium are in the
same momentum configuration at q2 = 0 point. It is analogous to the meson system with a single
heavy quark that the Isgur-Wise function is normalized to 1 at the zero-recoil point in the infinite
heavy quark mass limit. From Eqs. (2.32) and (3.10), the rate for the V → Pγ process is reduced
into
Γ(V → Pγ) = 16
3
αe2q
k3γ
M2V
. (3.11)
where kγ = (M
2
V −M2P )/2MV is the energy of the photon. This is the leading order result of Eq.
(37) in [12].
Next, we discuss that the pQCD is applicable in P → γγ process. In the rest frame of the
heavy quarkonium, the total energy is 2m ≫ ΛQCD. Each final photon contains high energy of
m and moves in the opposite light-front direction. When the high energy photon hits on one
nearly rest constituent of the quarkonium, it causes a large virtuality of the order of m2. In
particular, the virtuality of the internal quark is about 2m2 from Eqs. (2.19) and (2.20). The
transverse momentum in the propagator of the virtual quark can be neglected. Up to leading order
in ΛQCD/m, the transition form factor FPγ(0) is represented by
FPγ(0) = e
2
q
√
2Nc
∫
dx2d
2p⊥
(2π)3
φ(x2, p⊥) TH(x2)
∝
∫
dx2 Φ(x2)TH(x2). (3.12)
where Φ(x2) is the hadron distribution amplitude obtained from wave function by integral over the
transverse momentum, and TH(x2) is the hard scattering kernel from the subprocess of qq¯ → γγ.
The hard scattering kernel depends on momentum fraction x2 when the loop corrections are
taken into account. But, at tree level, the hard scattering kernel is
TH =
1
m2
, (3.13)
It is not only independent of transverse momentum p⊥ but also of longitudinal fraction x2. We
thus have a further result
FPγ(0) = e
2
q
fP
m2
. (3.14)
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This equation means that the form factor FPγ(0) is proportional to the decay constant fP in
leading order ΛQCD/m and leading order of strong coupling constant αs. After combining Eqs.
(2.15), (2.24), (3.7), and (3.14), we finally obtain the decay rates for processes of V → e+e− and
P → γγ as
Γ(V → e+e−) = 16
3
Ncπα
2cV
|ΨV (0)|2
M2V
,
Γ(P → γγ) = 16Ncπα2e4q
|ΨP (0)|2
M2P
. (3.15)
These results are the same as ones in Table III in the non-relativistic quark-potential model [10].
IV. NUMERICAL RESULTS AND DISCUSSIONS
In order to obtain the numerical results, the crucial thing is to determine the momentum dis-
tribution amplitude φ(x2, p⊥). One wave function that has been often used in the literature for
mesons is the Gaussian-type
φ(x2, p⊥) = N
√
dpz
dx2
exp
(
−p
2
⊥
+ p2z
2β2
)
, (4.1)
with N = 4(π/β2)3/4 and
dpz
dx2
=
e2
x1x2M0
. (4.2)
The required input parameters include quark mass: mc for c quark and mb for b quark; a hadronic
scale parameter β for ηc(b) and J/ψ(Υ). The quark mass entered into our analysis is the constituent
mass. For light quarks (u and d), the constituent mass which several hundred MeV, is quite bigger
than the current one which is only several MeV obtained from the chiral perturbation theory. While
for the heavy quarks, the difference between them is small. From PDG [27], the current masses are
1 GeV ≤ mc ≤ 1.4 GeV and 4 GeV ≤ mb ≤ 4.5 GeV in the MS renormalization scheme. For our
purpose, we will choose heavy quark constituent masses as
mc = 1.2 GeV, mb = 4.3 GeV. (4.3)
Our choices are smaller than the parameters given in [8], but they are consistent within the error of
one ΛQCD. For the meson mass, Mηc = 2.980 GeV, MJ/ψ = 3.097 GeV and MΥ = 9.460 GeV [27].
The mass of ηb is still unknown and it is parameterized as ∆m = MΥ −Mηb . From the references
in [14], the range of ∆m is ∆m = 30− 150 MeV.
After fixing the quark and meson masses, the remained thing is to determine the parameters β.
For the vector meson, βV is extracted from the decay constant fV which is obtained directly from
the process V → e+e− by Eq. (2.15). For the pseudoscalar meson ηc, βηc is extracted from the
decay constant fηc which is obtained from the process B → ηcK.
For the cc¯ charmonium system, there are some experiment data which provides a place to test
the applicability of the Gaussian-type wave function to the heavy quarkonium. From J/ψ → e+e−,
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we obtain fJ/ψ = 416±6 MeV, and extract βJ/ψ = 0.639±0.006 GeV. From B → ηcK, one obtains
fηc = 335 ± 75 MeV [28], and we extract βηc = 0.652+0.165−0.143 GeV. It is apparent that the dominant
errors in the following calculations will be derived from the uncertainty of fηc . By using the above
parameters, we give the numerical results for ηc → γγ: Br(ηc → γγ) = (1.78 ∼ 3.05)×10−4 and for
J/ψ → ηcγ: Br(J/ψ → ηcγ) = (2.38 ∼ 2.84) × 10−2. The experimental data are Br(ηc → γγ) =
(2.8± 0.9)× 10−4 and Br(J/ψ → ηcγ) = (1.3± 0.4)× 10−2. Obviously the former fits experiment
very well but the latter does not. This inconsistency still exists even we adjust the quark mass mc
in the range 1 ∼ 1.4 GeV.
One may consider a power law wave function similar to the one employed in Ref. [29] to fit the
data, however, the Gaussian-type wave function has been used widely in the phenomenal analyses
which related to meson. Thus we modify the Gaussian-type wave function by just multiplying a
factor (x1x2)
n
φ˜(x2, p⊥) = N˜(x1x2)
n
√
dpz
dx2
exp
(
−p
2
⊥
+ p2z
2β˜2
)
. (4.4)
The curve which x2 is peaked around
1
2 will be sharped or dulled if n > 0 or n < 0, respectively.
In the non-relativistic limit, Eq. (3.6) reveals that the curve is near to a delta function δ(x2 − 12).
Therefore the case of n > 0 seems suitable for the heavy quarkonium. In fact, if n = 5 and mc = 1.2
GeV, we can extract β˜J/ψ = 0.786 ± 0.008 GeV and β˜ηc = 0.807+0.273−0.211 GeV. The numerical results
Br(ηc → γγ) = (1.56 ∼ 2.06)×10−4 and Br(J/ψ → ηcγ) = (1.62 ∼ 2.41)×10−2 are both consistent
with the experimental data. Thus there is a deduction that, for heavy quarkonium, the momentum
fraction x2 is more centered on
1
2 than one is in the Gaussian-type wave function. We show the
x-dependent behaviors of these two types of wave functions in Fig. 4 and the numerical results in
Table I.
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FIG. 4: The x-dependent behaviors of φ (dash line) and φ˜ (solid line, n=5) at p2
⊥
= 0.1 GeV2.
For the bb¯ bottomonium system, the experimental data are relatively less. From Υ(1S)→ e+e−,
we obtain fΥ = 708 ± 8 MeV, then extract βΥ = 1.323 ± 0.010 GeV and β˜Υ = 1.463 ± 0.012 GeV.
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TABLE I: The comparisons between the experimental data and theory predictions for charmonium
decays.
Br(ηc → γγ) Br(J/ψ → ηcγ)
experiment data (2.8 ± 0.9) × 10−4 (1.3 ± 0.4)%
this work (φ) (1.78 ∼ 3.05) × 10−4 (2.38 ∼ 2.84)%
this work (φ˜) (1.56 ∼ 2.06) × 10−4 (1.62 ∼ 2.41)%
However, ηb meson hasn’t been observed in experiment. It is impossible to determine the decay
constant fηb from the experiment. As had been discussed, the relation fηb = fΥ is hold in the
non-relativistic limit. Since the corrections to this relation are suppressed by ΛQCD/mb, it may be
reasonable to use it to determine the parameter βηb(β˜ηb). Therefore we obtain βηb = 1.433± 0.014
and β˜ηb = 1.607 ± 0.018 GeV. For obtaining the decay widths Γ(ηb → γγ) and Γ(Υ → ηbγ), we
must be aware of the value of ∆m. However, the sensitivities of these two decay widths to ∆m
are quite different. On the one hand, Γ(ηb → γγ) is insensitive to ∆m because Mηb ≫ ∆m (see
Eq. (2.24)). On the other hand, Γ(Υ→ ηbγ) is very sensitive to ∆m because it is proportional to
(∆m)3 (see Eq. (2.32)). Thus here we list the values of Γ(ηb → γγ) for ∆m = 0.09± 0.06 GeV and
Γ(Υ→ ηbγ) for ∆m = 0.09 GeV in Table II. The dependences of Υ→ ηbγ on ∆m are also shown
in Fig. 5.
TABLE II: The comparisons among the several theory predictions for bottomonium decays.
Γ(ηb → γγ) (eV) Γ(Υ→ ηbγ) (eV)
this work (φ) 453 ± 17 33.2± 0.1
this work (φ˜) 422 ± 15 31.5± 0.1
used in [14] 557 ± 85 -
NRQCD [30]O(αs) 460 -
potential model [31] 466 ± 101 -
For the numerical results, some comments are in orders:
(1) The decay constant for ηc is fηc = 335 ± 75 MeV [28], and we obtain(
fηc
fJ/ψ
)2
≈ 0.65± 0.31. (4.5)
The difference between the pseudoscalar and vector meson in light-front approach comes from
power suppressed terms: the transverse momentum p⊥, x2− 12 and the wave function φ(x, p⊥). The
deviation of the results from 1 shows that ΛQCD/mc ∼ 30% corrections cannot be neglected.
(2) For the M1 transition J/ψ → ηcγ, the leading order prediction from Eq. (3.11) for the
branching ratio is 4.2% which is about a factor of 3 larger than the experimental data. This means
that the next-to-leading order ΛQCD/mc corrections are so substantial that they must be included
in the calculations.
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FIG. 5: The dependences of Γ(Υ→ ηbγ) on ∆m =MΥ −Mηb .
(3) For the decay width Γ(ηb → γγ), it is insensitive to the variations of ∆m but proportional
to f2ηb . Thus an adjustment of fηb by 10% will correspond to a variation of the theory prediction
by about 20%. So far, (fηb/fΥ)
2 = 1 is our assumption and 0.99 ± 0.04 in [32] and 1.16 ± 0.06 in
[33]. After considering these uncertainties, our prediction may be consistent with previous results
listed in [14, 30, 31].
V. CONCLUSIONS
In this article we have studied the decay constants, two-photon annihilation P → γγ and
magnetic dipole transition V → Pγ processes for the ground-state heavy quarkonium within the
covariant light-front approach. The phenomenological parameters and wave functions are deter-
mined from the experiment. The predictions agree with the measured data within the theoretical
and experimental errors. The quark mass we use is very close to the current mass which is different
from the choices in non-relativistic quark model. The difference between the J/ψ and ηc decay
constants and the study in J/ψ → ηcγ both show that the power corrections from wave functions
and transverse momentum effects are important. In order to make a better fit to the experimental
data, we adjust the longitudinal momentum fraction of the wave function to center around 1/2
further. We also give a numerical prediction for ηb → γγ and Υ → ηbγ. The branching ratio for
Υ → ηbγ is too small to be observed. ηb → γγ may be a good process to determine ηb and its
mass. The QCD corrections are neglected in this study, including them will slightly change the
wave function inputs but does not change our conclusions.
The light-front approach shows different aspects of QCD. Under the non-relativistic approxima-
tions, the light-front approach reproduces the results in the non-relativistic quark-potential model.
For P → γγ where two final photons are on the opposite light-front, the process is perturbative
dominated and the light-front approach reduces to the model-independent pQCD. The light-front
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method unifies the perturbative and non-perturbative QCD into the same framework.
We have considered s-wave heavy quarkonium in the light-front approach only, the applica-
tions to other quantities and higher resonances are in progress. One interesting thing may be
to explore the light-front approach in NRQCD (or pNRQCD). This will provide an alternative
non-perturbative method to calculate the hadronic matrix elements defined in NRQCD.
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